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Quantitative Unique Continuation, Logarithmic Convexity 
of Gaussian Means and Hardy's Uncertainty Principle 

Carlos E. Kenig 



In this paper we describe some recent works on quantitative unique continuation 
for elliptic, parabolic and dispersive equations. We also discuss recent works on the 
logarithmic convexity of Gaussian means of solutions to Schrodinger evolutions and 
the connection with a well-known version of the uncertainty principle, due to Hardy. 
The elliptic results are joint work with J. Bourgain [BKj . while the remainder of 
the works discussed here are joint works with L. Escauriaza, G. Ponce and L. Vega 
r |EKPV| . iEKPV2 , E KW3] . |EKPV4j . fEKPVSj . The paper is based on lectures 
presented at WHAPDE 2008, Merida, Mexico. I am grateful to the organizers of 
WHAPDE 2008 and to the participants in the workshop for the invitation and the 
very friendly atmosphere of the workshop. For further references and background 
on the pr o blems dis cusses here, see [BK], [K], [K2], |EKPVj . |EKPV2j . |EKPV3| . 
[EKPV4j . [EKPVSj and the references therein. 

1. Some recent quantitative unique continuation theorems 

Here I will discuss some quantitative unique continuation theorems for elliptic, 
parabolic, and dispersive equations. I will start by describing the elliptic situation. 
This arose as a key step in the work of BK^ which proved Anderson localization at 
the bottom of the spectrum for the continuous Bernoulli model in higher dimensions, 
a question originating in Anderson's paper Briefly, this says the following: 

consider a random Schrodinger operator on E", of the form = — A + V^, where 

V,ix) - ^1^^^ - ^■)' ^ ^ C^iBiO, 1/10)), < </) < 1 

and ej e {0, 1} are independent. It is not difficult to see that inf specH^ = a.s. . 
In this context, Anderson localization means that for energies E near the bottom 
of the spectrum (i.e. < E < S) has pure point spectrum, with exponentially 
decaying eigenfunctions, a.s. . When V^: has a continuous site distribution {ej E 
[0, 1]) this has been understood for some time ( |GMP| n = 1, [FS| n > 1). For the 
Anderson-Bernoulli model this was known for n = 1 f [CKM| ; [S VW| ) . but not in 
higher dimensions. We now have: 
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Theorem 1.1 ( BK,). There exists S > s.t. for < E < 6 , displays 
Anderson localization a.s., n > 1. 

In establishing this result we were lead to the following deterministic quantita- 
tive unique continuation theorem: Suppose that u is a solution to Au + Vu = in 
M", where \V\ < 1, and \u\ < Co, u(0) = 1. For R large, define 

M{R) = inf sup \u{x)\. 

Note that by unique continuation, sup^^^^^ l""!^)! > 0. How small can M{R) be? 

Theorem 1.2 ([BK]). 

M{R) > C expire R'^/^ log R). 

Remark 1.3. In order for our argument to give the desired application to 
Anderson localization for the Bernoulli model, we would need an estimate of the 
form M{R) > C ex^i-CRf^), with /3 < w 1.35. Note that 4/3 = 1.333 . . .. 

As it turns out, this is a quantitative version of a conjecture of E.M. Landis. 
He conjectured (late 60's) that if Au + ^m = in K", where \V\ < 1, \u\ < Cq, and 
\u{x)\ < C exp{~-C\x\^^), then u = 0. This conjecture of Landis was disproved by 
Meshkov (,M.), who constructed such a, V , u ^ 0, with \u{x)\ < C exp{—C\x\'^^^). 
This example also shows the sharpness of our lower bound on M{R). One should 
note however that in Meshkov's example u, V are complex valued. 

Our proof uses a rescaling procedure, combined with well-known Carleman 
estimates. 

Q:. Can 4/3 be improved to 1 in our lower bound for AI{R) for real valued 
u, VI 

Let us now turn our attention to parabolic equations. Thus, consider solutions 

to 

dtu - Au + W{x, t)-\Iu + V{x, t)u = 

in R" X (0,1], with \W\ < N, \V\ < M. Then, as is well-known, the following 
backward uniqueness result holds: If |u(a;,t)| < Cq and u(x,l) = 0, then u = 
(see |L0| ). This result has been extended by Escauriaza-Seregin-Sverak ( |ESS) 1 
who showed that it is enough to assume that u is a solution on R" x (0, 1], where 
K" = {x = {x',Xn) ■ Xn > 0}, without any assumption on u|gR>^x[o,i]- This was a 
crucial ingredient in their proof that weak (Leray-Hopf) solutions of the Navier- 
Stokes system in R'^ x [0, 1), which have uniformly bounded norm are regular 
and unique. In 1974, Landis-Oleinik, [LOj, in parallel to Landis' conjecture for 
elliptic equations mentioned earlier, formulated the following conjecture: Let u be 
as in the backward uniqueness situation mentioned above. Assume that, instead of 
u{x,l) = 0, we assume that |u(a;,l)| < C exp(— C|a;p+'^), for some e > 0. Is then 
u = 07 Clearly, the exponent 2 is optimal here. 

Theorem 1.4 ( [EKP V] ) . The Landis-Oleinik conjecture holds. More precisely, 
if ||w(-, 1)||l2(b(o.i)) ^ <5j there exists Rq = Ro{S, M, N,n) > s.t. for \y\ > Rq, we 
have 

lk(-,l)l|L^(s(oa)) > Cexpi-C\y\^log\y\). 
Moreover, an analogous result holds for u only defined in RIf. x (0, 1]. 
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The proof of this resuh uses space-time rescahngs and parabohc Carleman 
estimates, in the spirit of the elhptic case. It holds for both real and complex 
solutions. We hope that this result will prove useful in control theory. 

We now turn our attention to dispersive equations. Ler us consider non-linear 
Schrodinger equations of the form 

idtu + Au + F{u,u)u^O, inR"x[0, 1], 

for suitable non-linearity F, and let us try to understand what (if any) is the 
analog of the parabolic result we have just explained. The first obstacle is that the 
Schrodinger equations are time reversible and so "backward" makes no sense here. 
As is usual for uniqueness questions, we consider linear Schrodinger equations of 
the form 

idtu + Au + Vu = Q, inM"x[0,l], 

and deal with suitable V{x,t) so that we can, in the end, set 

V{x,t) = F{u{x,t),u{x,t)). 

In order to motivate our work, I will first recall the following version of Heisenberg's 
uncertainty principle, due to Hardy, |SS| : if / : R C, and we have f{x) = 
0(^f.-^Ax^^ and /(C) = ©(e-'^^*'), A,B >Q,iiA-B > 1, then / = 0. For instance, 
if 

|/(x)| < C,exp(-C,|xp+^), 1/(01 < C,exp(~C,|eP+^), 
then / = 0. This can easily be translated into an equivalent formulation for solu- 
tions to the free Schrodinger equation. For, if v solves 

idtv + dlv = inIRx[0,l], 

with v(x,Q) = vo(x), then 
so that 

If we then apply the corollary to Hardy's uncertainty principle to /(y) = e'^ /'*wo(?/)) 
we se that if 

|w(2:,0)| < C,exp(-C,|xp+'^) and |w(x, 1)| < exp(-Ce|xp+'), 

we must have w = 0. Thus, for time-reversible equations, the analog of backward 
uniqueness should be "uniqueness from behavior at two different times" . Thus, 
we are interested in such results with "data eventually 0" or even with "decaying 
very fast data" . This kind of uniqueness question for "data eventually 0" has been 
studied for some time. For the 1-d cubic Schrodinger equation 

idtu^dluT\u\'^u = Q in ]Rx[0, 1], 

B.Y. Zhang ([Z2]) showed that if u ee on (-oo, a] x {0, 1} or on [a, +oo) x {0, 1}, 
a e K, then u = on M x [0, 1]. His proof used inverse scattering, a non-linear 
Fourier transform, and analyticity. In 2002, [KPV3) did away with scattering and 
analyticity, proving corresponding results for solutions to 

idtu + Au + V{x,t)u = Q in M"x[0,l], n>l. 
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Theorem 1.5 ([KPV3]). IfVe L^L^ n L 



loc 



ana 



LlL--{\x\>R) j^^J 

and there exists a strictly convex cone T C M" and a i/q Cz K." such that 

suppw(-,0) Cyo + T, suppM(-, I) c yo + T, 

then we must have u = on M" x [0, 1]. 

Clearly, taking V{x,t) = \u\'^{x,t), we recover Zhang's result mentioned above. 
This was extended by [IKj who considered more general potentials V and the case 
when r = M"^. For instance, iiV e Lt^(M" x [0, 1]) or even V € -Lf£|(R" x [0, 1]) 
with 2/p + n/q < 2, 1 < p < oo {n ^ 1, 1 < p < 2) or V € C{[0,1]; L"/'^{R"-)) 
n > 3, the result holds with T a hall-plane. Our extension ol Hardy's uncertainty 
principle, to this context, now is: 

Theorem 1.6 ( |EKPV2j ). Let u be a solution of 

idtu + Au + Vu = 0, inM"x[0, 1]. 

Assume that V e i°°(R" x [0,1]), V^V G Ll{[0,l]; L^{W')) and 

}i^\\y\\LlL'-^(\x\>R) = 0. 

// there exists a > 2, a > 0, such that u(-, 0), 1) G iJ^(e'^l^l dx), then u = 0. 

It is conjectured that Theorem 11.61 remains valid assuming only that u, Vu 
at times 0, 1 are in L2 ((j/o +r),e'^l^l°dx), with yo + r as in Theorem 11.51 This 
extension ol Theorem 11.61 would clearly imply Theorem 11.51 

Let me sketch the pro! ol this result. Our starting point is: 

Lemma 1.7 f [KPV3j ). 3e>0s.t. if \\V\\lil^ < e and u solves 
idtu + Au + Vu = H, inR"x[0, 1], 
and uo{x) — u{x,0) , ui{x) ~ u{x,l) belong to L'^{e'^^^^dx) C] L^{dx) and 

H e LliL^e^'^'^'dx) n L\dx)), 

then 

uG C([0,l];L2(e2'3"i(ix)) 

and 

sup ||u(-,i)||L2(g20.irf^) < 
0<t<l 

< [\Wo\\L'^{e^P-=ldx) + ll"l|lL2(e2/3=.id2;) + 1 1^| I Lj (e^^'-i rfa;) } 

with C independent of [3. 

This is a delicate lemma. If we a priori knew that u G C{[{),1]] L'^{e^^''^dx)), 
a variant of the energy method, splitting frequencies into > 0, < 0, gives 
the result. But, since we are not free to prescribe both wq, ui, we cannot use a 
priori estimates. This is instead accomplished by "truncating" the weight 2(3x1 and 
introducing an extra parameter. 

Or next step is to deduce, from Lemma \Uj\ lurther weighted estimates: 
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Corollary 1.8. Assume that we are under the hypothesis of Lemma \l-7\ and 
for some a > 0, a > 1, 

uo, ui e L2(e''l^l"dx), H e L} LUe^^'^^" dx) . 

Then 3C„ > 0, > s.t. 

sup / e''^^^" \u{x,t)fdx < oo. 

0<t<l J\x\>Cc 

Idea for the proof of Corollary 11.81 Multiply u by rifj{x) = ri{x/R), rj = for 
|x| < 1, 77 = 1 for \x\ > 2. We apply Lemma fLTl to UR{x,t) = r]{x/R)u{x,t), with 
/3 — 7i?"~^, for suitable 7 and the corollary follows. 

The next step of the proof is to deduce lower bounds for space-time integrals, 
in analogy with the elliptic and parabolic arguments. These are "quantitative" . 

Theorem 1.9. Let u solve idtu + Au + Vu — 0, x e K",t e [0, 1]. Assume that 

rk+i r 

|Mp + |Vup < A, and that / / \u\'^dxdt > 1, 

with ||V^||oo < L. Then there exists Rq = Ro{A, L,n) > and Cn s.t. if R > Rq 

1 

5{R)^[[ [ {\u\^ + \Vu\^)dxdt\ >c„e-^"^'. 

\"'0 "'i?,-l<|2;|<i? / 

Clearly, Corollary 11.81 applied to u, Vu, combined with Theorem 11.91 yield our 
version of Hardy's uncertainty principle. 

In order to prove Theorem 11.91 we use a Carleman estimate which is a variant 
of one due to V. Isakov [I] . 

Lemma 1.10 ( |EKPV2j ). Assume that R > and : [0, 1] ^ M is a smooth 
real function. Then, there exists C = C{n, ||0'||ooi ||'/'"||oo) > s.t. 

3 /2 

" a|^+0(t)e-i|" < ^ a|f+0(t)ei|%^^ 



a 



i?2 

for all a > CR^ , g e C^(R"+i) s.t. suppg C {(x,t) : || +(/)(t)ei| > 1}. 

The proof of Lemma [1 . 101 follows by conjugating the operator {idt + A) with 
the weight exp | ^ + 0(i)ei , and splitting the resulting operator into a Her- 
mitian and an anti-Hermitian part. Then, the commutator between the two parts 
is positive, for g with the support property above and a > C„i?2. 

In order to use Lemma [1.101 to prove Theorem ll.9[ we choose 9ii,9 ^ C°°(R"), 
(f) e C5"([0,l]) so that 0r{x) = 1 if |a;| < i? - 1, 0ii{x) = 0, |a;| > R; 0{x) = if 
|a;| < 1, e{x) = 1, when |a;| > 2; < < 3, with = 3 on [i - i, i + i] and (/) = 
on [0, l/4]U[3/4, 1]. We apply LemmaOOlto g{x,t) = Or{x)-0 (| + (j){t)ei) u{x, t), 
a « R^, to obtain, after some manipulations, the desired result. 

We next turn our attention to corresponding results for the KdV equations. In 
[Z] it is proved that if 

dtu + dlu + ud,,u = 0, inMx[0, 1], 

and ^0(2;) = u{x,0), ui{x) = u{x,\) are supported in (a, +00) or in (—00, a), then 
w = 0. This was later extended by |KP V| . |KPV2| . who also showed that if ui, V2 
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are solutions of 

dtv + dlv + v''da:v ^0, k>l, 

and uq = vi{x,0) — V2{x,0), ui — vi{x, 1) ~V2{x, 1) are supported in (a, +oo) or in 
(— CX3, a), then vi = V2- 

Further results are due to L. Robbiano He considered u a solution to 

(1.1) dtu + d'^u + a2{x, t)d^u + ai{x, t)dxU + aQ{x, t)u ~ 

with coefficients aj in suitable function spaces. He showed that, if u{x,Q) — 0, 
X e {h, Qo) some 6, and 3Ci, C2 > s.t. 

\dlu{x,t)\ < Ciexp(-C2a;"), {x,t) e (6,00) x [0,1] 

for some a > 9/4, then u = 0. 

On the other hand, the Airy function 

A,{x) = J e2"^«+«'MC 

is the fundamental solution for dtu + d^u = 0, and verifies 
\A,{x)\ < C(l + :E_)-i/4exp(-C4^'). 

We now have 

Theorem 1.11 ( |EKPV3p . If u is a solution of (HHI) onRx [0,1] such that 

3/2 

u{x,0),u{x,l) £ _ff (e°^+ dx) for any a > 0, and Oj belong to suitable function 
spaces, then u = 

3/2 

This is clearly optimal for dtu + d'^u = 0. The same result holds for e"^^- dx. 
The proof of this theorem also has two steps, one consisting of upper bounds, the 
other of lower bounds. The second step follows closely that used for Schrodinger 
operators, but the upper bounds can no longer be obtained by any variant of the 
energy estimates. These are now replaced by suitable "dispersive Carleman esti- 
mates". A typical application of Theorem 1 1.1 II is: 

Theorem 1.12 ( |EKPV3| ). Let 

ui,U2 e C([0,1];H3(K)) nL^d^l^dx), 

solve 

dtu + dlu + u''d^u = onMx[0, 1]. 

Assume that 

iti(-,0)-U2(-,0),ui(-,l)-U2(-,l) e H\e'''=+^dx) 
for any a > 0. Then ui = U2. 

Finally, we end with a result that shows that this result is sharp, even for the 
non-linear problem. 

Theorem 1.13 ( |EKPV3j ). There exists u^O, a solution of 

dtU + dlu + u''d^u = m M X [0, 1] 

s.t. 

\u{x,0)\ + \uix,l)\ < Cexp(-Cj:^/^). 
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2. Convexity properties of Gaussian means of solutions to Schrodinger 

equations 

As mentioned before, [EKPV2j proved that if u e C([0, 1];H^{W"')) solves 

idtu + Au + V{x, t)u = in M" x [0, 1] 
u(0) = uo 

= Ui 

and Ui e L2(e''l'^l''c?x) for some a> Q, 9 > I, then BCe > 0, > s.t. 



sup 



t)\^dx < oo 



0<t<l J|2;|>C8 

when the (complex) potential verifies ^ £ = £n- We will next re- 

examine this result and precise it, in the case 6 — 2. We will first deal with potentials 
V = V{x), V real valued; ||y||oo < Mi- We will consider u € C([0, 1]; 
which verifies 

dtU^i{l\u + Vu) inR"x[0, 1]. 

We will assume that there exist positive numbers a and [3 such that ||el'^l^/^M(0)||, 
llgbl /a u{l)\\ are finite. Here and in the sequel || • || denotes the norm in x. 
Then 

at+(l-t)0 



Ja;|V(at+(l-t)/3)'j^(i) 



is "logarithmically convex" in [0,1], i.e. 



Theorem 2.1 ( |EKPV5j ). There exists N = N{a,P) so that for < s < 1 we 



have 



Jx|V(as+(l-5)/3)' 



u{s) 



u(0) 



/3(1-s)/(qs+(1-s)/3) 



«(1) 



qs/(qs+(1-s)/3) 



Moreover ("smoothing effect") 



L2(K"x[0,l]) 



< 



||el^ 



+ ||el"l'/"\(l) 



Note that when a — (3, we have ai + (l — t)/3 = a and this gives the precise 
version (for this case) of the jEKPV2j result. We start with the sketch of the proof 
in the case a — p. It turns out that a formal argument giving the proof is not too 
dificult, but a rigurous justification is tricky. This is an important fact, since, as 
we will see, the formal arguments actually can lead to false results. To justify the 
interest of the case a ^ /3, consider the case = 0, i.e. the free particle. Then, if 
uo = u(0). 



u{x,t) = (e-'l«l'*uo)'' = 



gi|a;-y|74t 

(47rii)"/2 



ua{y)dy 



(47rii)"/2 



(2it)"/ 



{e^\-\yit^,)ix/2t), 
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SO that, with a = {2it)"/'^, 

In this context the Hardy uncertainty principle says that if 

with a(3 < 4, then = and 4 is sharp. 

Key Convexity Lemma 2.2 (abstract). Le< S be a symmetric operator, A an 
anti-symmetric one (possibly both depending ont), F a positive function, f{x,t) a 
"reasonable function". Let H{t) = (/,/), D{t) = {Sf,f), dtS = St and N{t) = 
D(t)/H{t) (the "frequency function"). Then 

i) dfH = 2dt Re (dtf - 5/ - Af, f) + 

+ 2{Stf + [S, A]f, f) + \\dtf-Af-Sf\\''-\\dtf-Af- 5/1 12 

and 

ii) N{t) > {Stf + [S, A]f, f)/H - I \dtf -Af- Sf\\^/{2H) 

iii) Moreover, if 

\dtf -Af- Sf\ < Mil/I +F m M" X [0, 1], St + [S, A] > -Mo 
and 

M2=supo<t<i\\F{t)\\/\\f{t)\\<<x,, 
then H{t) is "logarithmically convex" in [0, 1] and 

H{t) < e^(^o+^i+*f?+^=+*f2)if(0)i~*iZ"(l)*. 

Proof. 

Hit) = 2 Re {dtf, /) = 2 Re {dtf - Sf - Af, f) + 2(5/, /), 

so 

(2.1) H{t) = 2 Re {dtf -Sf- Af, f) + 2D{t). 
Also, 

H{t) = Re {dj + Sf, f) + Rc {dtf - Sf, f), 
D{t) = i Re {dtf + Sf, /) - ^ Re {dtf - Sf, /). 

Multiplying 

(2.2) H{t)D{t) = i Re {dtf + Sf, ff - ^ Re {dtf - Sf, ff. 
Adding an anti-symmetric part does not change the real parts, so 

(2.3) H{t)D{t) = ^ Re {dtf + Sf- Af, ff - i Re {dtf - Sf - Af, ff. 
Differentiating D{t), we get 

(2.4) D{t) = {Stf, f) + [Sdtf, f) + {Sf, dtf) = (Stf, /) + 2 Re {dtf, Sf) = 

= {Stf + [S, A]f, /) + 2 Re {dtf - Af, Sf) = 

= {Stf, [S,A]f,f) + ^\\dtf -Af + Sf\f- ^\\dtf -Af- Sf\f 
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by polarization. This and (|2.1|) gives i). Next, 

N{t)^iStf+[S,A]fJ)/H+ 

+ I [m -Af + SfWW - (Re(aj -Af + SfJ))'] /H'+ 

+ ^ [( Re {dtf -Af- Sf, - I \dtf -Af- 5/1 n I/I n 

follows from (|2.3p . Now, the second line is non-negative (Cauchy-Schwartz), 

{Re{dtf-Af-Sfj)f>0, 

so ii) follows. 

When we are in the situation of iii), 

N{t) > ~Mo + Mf + Ml 

so that (EH) now gives dt[\ogH(t)] = + 2N{t). If G'(t) = 0(1), G(0) = 0, we 
get dt[logH{t) - G{t)] = 2N{t), so that 

a2[logi/(i) - G{t)] > -{Ma + Ml + M|), 

so that 

dl \\ogH{t) - G{t) + {Mo + Ml + Mi)f/2\ > 
which gives the desired "log convexity" . □ 

Sketch of Proof (a = /3 = 7). Let us now indicate how the "formal argument" 
for the first part of Theorem 12. II would follow, when a — f3 — Suppose now (for 
later use) that 

dtu= {a + ib){Au + V{x,t)u + F{x,t)) in x [0,1], 

a > 0, ||e'^l-l'u(0)|| < 00, \\e''\-\\il)\\ < 00, sup[o,i] ||e^l^l'F(a:, i)||/||u(i)|| = M2, 
V is complex valued, ||V^||oo < Mi. Let / = e'^'^u, where (j>{x,t) is to be chosen. 
Then, / verifies 

dtf = Sf + Af + {a + ib){Vf + e^^F), 

where 

S = a{A+ 7^01^) - i67(2V(/) • V + A(/)) + jdt(j}, 
A = ib{A + 7^|V<?!)|^) - a7(2V0 • V + A./)) 
are symmetric, anti-symmetric. When (j){x,t) — \x\'^ we obtain 
St + [S,A] = -7(0^ + 62) [8A - 3272|2;p], 

so that 

St + [S,A]>Q, \dt.f~Sf~Af\ < Va2+62(Mi|/|-|-e^l-lV|) 

and the Lemma "gives" the (formal) "log convexity" result. 

We need to have an argument which gives us the required smoothness and decay 
to justify the formal argument. Before doing that, we give the "formal" argument 
for the smoothing estimate: first note that integration by parts shows that 

J |V/p-f 472|2;|2|/|2 = e^'>^^^\\Vuf - 2nj\u\^)dx 
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where / = e''''^' u. Also, since n = V ■ x, integration by parts and Cauchy-Schwartz 
give 



Adding we obtain 
(2.5) 
Recall 



\Vf\'+AY\x\'\f\'>2jn / \f\'dx 



d^Hit) - 2dt Re {dtf -Sf- Af, /) + 2(5J + [S, A]f, /)+ 

+ \\dtf + Sf- A/IP - \\dj - Af - SfW^ > 
> 2dt Re {dtf -Sf^ Af, f) - I \dtf -Af- SfW^ + 2{Stf + [S, A]f, /). 
Multiply by t(l — t) and integrate by parts to obtain 

2 / t{l-t){Stf +[S,A]fJ)dt + 2 f H{t)dt<H{l) + H{0)+ 
Jo Jo 

+ 2 f {l-2t)Re{dtf-Sf-AfJ)+f t{l - t)\\dtf - S f - Af\\^dt. 
Jo Jo 

We now use 

St + [S,A] - -7(a2 + 62) [8A - 32j^\x\% 
\dtf -Sf- Af\ < Va^ + 62 (Mi|/| + e^l-l>|) , 

to obtain: 



167(a2 + 62) / til-t){\Vf\' + 4j'\x\'\f\'} 



< 



< 


{NMl + 1) sup 


eTl"l'u(i) 


2 

+ sup 




2 




[0,1] 




[0,1] 







(a2 + 62). 



Finally, V/ = eTl^l (Vu + 2a;u7), and (USD gives the bound: (7 > 0) 



\Wt{l-t)e'' 


"1 Vu|U.(K„ 


x[0,l]) + llV<(l' 


't)\x\ 




L2(R"X[0,1]) < 


< N 


(1 + 


- Ml) sup 

[0,1] 




u{t)\ 


+ sup 

[0,1] 




I,2(R"X[0,1]) 



How to justify the formal arguments? We first change i{A+V) by {a+i){A+V), 
we change \x\'^ by ja^P"', a > 0, e > and then pass to the limit. This can be 
justified when V = V{x), real, bounded. This is how we proceed: 

Lemma 2.3 (Energy method). Assume that u e i°°([0, 1]; L^) n L'^{[0,1]; H'^) 
satisfies 

dtu = (a + ib) {Au + V{x,t)u) + F{x, t) m ]R" x [0, 1] , 
a > 0, 6 e R. Then, forO<T <l, 



„7a|2;|V(a+47(Q2+62)T)„ 



,(T) 



< 



< 



40) 



+ Va2 + 52 



,ja\x\y(a+4jia^+b^)T)p 



L1([0,T];L2) 



QUANTITATIVE UNIQUE CONTINUATION 



11 



where Mt = ||aRcy — 6Ini"V^||/,i([o_T];L°°)- 

Proof. For <f) real, to be chosen, v = e'f'u, v verifies 

dtv = Sv + Av + {a + ib)e'l'F inR"x(0,l], 
where S =sym, A =anti-sym, 

S = a{A + I - i6(2V^ • V + A0) + (5*^ + aReV -blmV) 

and 

A = ib{A + iV^n - a(2V<^ • V + Acf)) + i{bRcV - almV). 

dt\\v\\^ = 2Re{Sv,v) + 2Re {{a + ib)e'l'F,v) (formaUy). 
A (formal) integration by parts gives 

Re{Sv,v) = -a J \Vvf + J {a\V dt(l>)\v\'' + 

+ 26Im jw(j)-Vv + j {aReV - blmV)\v\^ . 

Cauchy-Schwartz gives 

dt\Ht)\\'^ < 2\\aReV -blmV\\oo\\v{t)\\'^ +2y^^FT^\\e'^F{t)\\ \\v{t)\\ 

when 

a+^^ IVcPl"" + dt(j)<0. 
When 4>{x,t) = h{t)(j){x), it suffices that 

h''{t) {a + |V0(x)|2 + h'{t)ct>{x) < 0. 

Eventually, we choose (f){x) = \x\^. We then choose 

f h'{t) = -4[a+'^)h^{t) 
I h{0) = 7 

so that h{t) = 7a/ (a + 47(0^ + b^)t). To formalize the calculations, given i? > 0, 

set 

, , . / |:r|2 \x\<R 
'^«(^) = | \x\>R ' 

choose a radial mollifier 9p and set 

(I>p,r{x, t) = h{t)ep * (I>r{x), Vp^R = e'^f-^'u. 

Then, 0p * c[)r < Op * \x\'^ = |.'r|^ + C{n)p'^ , and our inequality above holds uniformly 
in p and R. We obtain the result for Vp^R, let p ^ 0, then R^ 00, which gives the 
final estimate. Note that, for a > 0, Gaussian decay at f = is preserved, with a 
loss. □ 

Next, we prove that if « e L°°{[0, 1]; L^) n ^^([0, 1]; -ff^) verifies 
dtu ={a + ib){Au + V{x, t)u + F{x, t)), 
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where ||F||l=o < Mi, sup[o,i] ||e^i^'i'F(t)||/||tt(t)|| = M2 < oo, and ||eTl^l'w(^ 
||e')'l^l^u(l)|| are finite, we have a "log convex" estimate, uniformly in a > 0, small. 
In fact, we now repeat the formal argument, but replace (/>(a;) = \x\^ by 

\x\ < 1 



(t>e{x) 



\x\>i 



and then by (l)e,p{x) — 9p*(j)e, where 9p G is radial. We then have: (j)e,p € C^'^, 
it is convex and grows at infinity slower that |a;p~^ and (f)e,p < + C{n)p^. By 
the "energy estimate", fora>0,e>0,p>0, our argument applies rigurously, 
since M(0)eTl^l^ e ^ < f < 1, u(t)e''l^l'"' G and for a t independent <?!), 

S't + [S, A] = + 6^) [4V • (L>20V) - A-i^D^(tN(t) ■ Wcj) + A^cf] . 

One can see that ||A^(^e,p||oo < C{n,p)e, which gives the desired log convexity when 
e ^ 0, then p ^ 0, for a > 0. Once tlic log convexity holds, for a > again, the 
"local smoothing" argument applies. The conclusion of those considerations is: 

Lemma 2.4. Assume that u G L°° {[0,1]; L'^{m.")) n L'^ {[0,1]; H^) verifies 

dfU — {a + tb){Au + V{x,t)u + F{x,t)), inM" x [0,1], 

7 > where a > 0, b G R, [[V[[^ < Mi. Then, 3N^ s.t. 

sup||e^l^l'u(i)|| < 

[0,1] 

< e^^[(«'+6')[M?+M|]+v'^'+6^(Mi+M2)]||g7|xp^(-Q)||l-t||g7|xp^(^)^ 

||Vi(l^e'''"''"IU^(M''x[o,i]) < N^{l + Mi+M2)Lup[[e'^^-^\{t)[[ \ , 

[[OA] J 

where M2 = sup[o,i] ||eTl^l>(i)||/||u(i)|| < 00. 

Conclusion of the argument when V{x,t) = V{x), real. We now consider 
the Schrodinger operator H = A + V, which is self-adjoint. We consider u G 
C{[0,1];L^) solving 

dtu = i{{A + V)u) in M" x [0, 1] 

and assume that ||e'''l^l^u(0)|| < 00, ||e'''l^l^u(l)|| < 00. Prom spectral theory, 
u{t) = e'^*'u(0). Moreover, for a > 0, consider the solution of 

dtUa = {a + i){{A + V)ua) in M" x [0, 1], u„(0) = u{0). 

We now have 

Ua{t) = e(<'+^)*^u(0) = e"*^e**^u(0) = e"*^u(t). 

Clearly 

||e^l-l^,(0)|| = ||e''NV0)||. 
Also, Wa(l) = e°^M(l). Recall, from the "energy method" that if 

( dtv = a{A + V)v 

\ v{0) =vo ' ^ 

7a|x|V(a+47a=)^(l) < exp(Mi) | |eTl^l't;o| |, 
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where Mi — ||aV^||Li([o,i];L°=)- Now, if vq — u{l), then v{l) — e"-^vo — Ua{l), so 
that 

g7blV(i+47a)^j^) < exp(Mi)||e'^l^l'M(l)||. 

Let 7a = 7/(1 + 47a) and apply now our log-convexity result for Ua, "fa- We then 
obtain 

< e^^'^i exp(Mi)||e^l"l'M(l)||i-^||eTl"l'u(0)||^ 

We then let a and obtain the "log convexity" bound. To obtain the "local 
smoothing" bound, we again use the Ua, let a l 0. This establishes Theorem 12.11 
when a — (3. 

Remark 2.5. Solutions so that e'''l^l^u(0), e'^I^I^M(l) e certainly exist for 
some 7. In fact, if /i e ^^^^ ^ ^s{A+v)^^ 

our "energy method" gives 

this for u{t) = e**(^+^)Mo, {V V{x)). (We are in debted to R. KiUip for this 
remark.) When V = this characterizes such u\ (see jEKPV4j ). 

A misleading convexity argument: Consider now / ~ e"'^*^l^l^u, where u 
solves the free Schrodinger equation 

dfU — lAu inMx[— 1,1]. 

Then, / verifies 

dtf = Sf + Af, 



In this case we have 



St + [S, A] = 2-5 - 8a9^ + 32a-' + a" - 2 



If a is positive, even, and a solution of 

,3 I „" 



(a'V 

32a^ + a" - 2-^-!- = in [-1,1] 
a 



then our formal calculations show that 

dt{a-^dtlogHa{t))>0 in [-1,1]. 
Hence, for s < t we have 

a{t)dt log Ha{s) < ais)dtlogHait). 
Integrating between [—1,0] and [0, 1] and using the evenness of a, we conclude 

Now, if a solves 

32a3 + a" - 2^ = 



a(0) = l,a'(l) = 

a is positive, even, and limfl^oo Ra{R) = 0. Also, aji(t) — Ra{Rt) also solves the 
equation. If the formal calculation holds for -ffajj, 

e^^'M(O) ^ < e«'^(«)^\(-l) e^°(^)^\(l) 
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In particular, u = 0. But u{x, t) ^ (t — i) ^/^e'l^l is a non-zero free solution, 

which decays as a quadratic exponential at t = ±1. 

3. The case a 7^ /3; the conformal or Appel transformation 
Lemma 3.1. Assume u{y, s) verifies 

dsU = (a + i6)(Au + V{y, s)u + F{y, s)) in R" x [0, 1], 
a + i6 7^ 0, a > 0, /? > 0, 7 e M and set 

■1/2 

I \ / I V I i \ 

u{x, t) = 



a{l -t) + (3t 



/af3 X 



(3t 



a{l - t) + I3t' a{l - t) + (3t^ 

{a^P)\x\^ 



X exp 



A{a + ib){a{l ~ t) + I3t) 
Then u verifies 

dtu = {a + ib)(Au + V{x,t)u + F{x,t)) mW x [0,1], 



V{x,t) = 



Fix,t) 



/a(3x 



(3t 



(a(l - t)+l3ty \a{l -t)+ I3t' a{l - t) + (3t 



(a(l-t) + /3*)t+2 
Moreover, if s = pt/{a{l - t) + pt), 



F 



/a/3 X 



a{l -t)+ f3t a{l -t) + l3t 

I (a-0)a 1 |„|2 



e'^l^l F{t) 



a(3 



4f„2ih2-,,„,ifln J l»l 



(a(l - t) + I3tf 
The proof is by change of variables. 

Conclusion of the proof of Theorem I2.lt We can assume a ^ [3. We can 
also assume a < (3 (change u for u(l — f)). (This gives (a — (3)a < 0.) As before, 

H^{A + V), Ua = e(°+')*-^u(0) = e^'^uit), a > 0. 

By the "energy estimate" we now have 



<e-IIV'llc 



and 

We now have also 



Wa(0) 



< 



"(1) 



9tUa = (a + i){AUa + VUa), 

so when we do the Appel transform, we have, with 7a ~ l/aaPa 

dtUa - {a + l){{A + V'')Ua). 

where 

Now, fo r a > we have "log convexity" in this last problem. Moreover, by the 
Appel Lemma and our definitions, we have 



ala\x\\~, 



< 



u(0) 



=7a|x|%--, 



UaiX) 



.(1) 
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Thus, 



Ua{t) 



< ^N(l+Mi+Ml)^a\\V\U 



u(0) 



i-t 



^(1) 



and the corresponding "local smoothing" estimate. But now, letting a — s- and 
changing variables our result follows. 

Time dependent, complex potentials: We will consider complex potentials 
V{x,t), ||F||oo < Mq. We will also assume 



lim 

We first recall a result in |KPV3| . 



Li([0,l],L==(|x|>fl)) 



0. 



Lemma 3.2. There exists N = N{n), eo — eo{n) > so that, if X e 
V e L\[0,1];L^), ||^||li([o,i];L~) < eo, themf u e C{[0,1]; L^) satisfies 

dtu = i{Au + V{x, t)u + F{x, t)) in M" x [0, 1], 

then 



sup 

t6[0,l] 



< N 



Theorem 3.3. Let V e L]Lf\ linifl^^o ||^^||li([o,i].l=°(|x|>h)) = 0. Let u e 
C([0,1];L2) solve 

dtu = i{Au + V{x,t)u) mR"x[0, 1]. 
Assume m addition that V G L°°(M"+i), and that 



u{0) 



< oo, 



U{1) 



< OO. 



Then, 3N = N{a,l3) s.t. 



sup 

[0,1] 



g|x|V(at+(l-t)/3)^y(i) + ^7(T37)el-l^/("*+(l-*)/3)VM(t) 



L2(Rnx[0,l]) 



< 



< jVe^llviU 



el^l u{Q) + el^l +sup||w(t)|| 

[0,1] 



Proof. We start out by using the Appel transform, u{x,t) and setting 7 
l/aP, {a + ib) = i. We now have u £ C([0, l];L^), 

dtu = i{Au + V{x, t)u), 

and it is easy to check that the potential V verifies 

fa P\ MX., 
<max|-,-Mll^l 



and lim/j^o ||V'||li([o,i],l°°(R"\Bh) = 0- ^^^o, we have 



u{s)\l S 



Pt 



a(l - t)+(3t' 



Choose now i? > such that | |Li([o.i],L==(R"\_Bji)) < eoi as in Lemma [3?2 
Then, 

dtU = i{Au + Vr{x, t)u + Fr{x, t)) 
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where VR{x,t) = Xs."\BRV{x,t), Fr = xBrVu. By the Lemma we have: 



sup 
te[o,i] 



< N 



e^"u(0) + e^"{t(l) +el^l«sup||y(t)||sup||w(t)|| 



[0,1] 



[0,1] 



Now, replace A by square both sides, multiply be e l-^l^/^ and integrate both 

sides with respect to A in R". Using this and the identity 

we obtain the inequality 



sup 
te[o,i] 



< 



< N 



el^l'/'^'uCO) + el^l'/"'u(l) +sup||y(t)||sup||u(t)|| 



[0,1] 



[0,1] 



To prove the regularity of u, we proceed as follows: the standard Duhamel formula 
gives 



u{t) = e'*^u 



ds. 



For < a < 1, set 



u^{t) = e('^+*)*^{t(0) + {i + a) f e('^+^)(*-^)^Fa(t)ds. 

Clearly, 

We now have, from the "energy estimates", with 7^ — (i+l-ya) ' 



sup 




< sup 




[0,1] 




[0,1] 





sup 




<el|v|U 


° sup 




[0,1] 






[0,1] 





But then, our formal "smoothing effect" argument applies and gives: (using the 

first step) (key Lemma) 



v/i(r^Vu„e^»l^l 

Are^liv'llo 

We now let a — > 0. 



< 



i2(M"x[0,l]) 

jl^l'/^'u(0) + el"l'/"\(l) +sup||y(i)||sup||w(t)|| 

[0,1] [0,1] 



□ 
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4. The Hardy uncertainty principle 

Recall that for free evolution, dtu — iAu, Hardy's uncertainty principle says 
that if u{0) G L2(g2|:.|V/3=(^2,)^ ^(i) g L2(g2|x|V«=(^^)^ and a/3 < 4, then u = 0, and 
4 is sharp. We will now show a (weakened) version of this for all our potentials. 



Theorem 4.1. LetV = V{x), V real, \\V\\ca <oo, orV = V{x,t), V com,plex, 
< CO, liniij^o ||^||Li([o,i],i°°(k|>fl)) =0- Assume that u € C{[0,1]; L'^) is a 
solution of 

dtu = i{Au + V{x, t)u) in K" x [0, 1], 

such that el^l'/'''u(0) e L^ el^l'/"\(l) e i^ and a/S < 2. Then u = 0. 

Preliminaries: Let 7 = l/ajS. Using the Appel transform and our convexity 
and "smoothing" estimates we can assume, without loss of generality, that the 
following holds for 7 > 1/2: 



(4.1) 



sup 

[0,1] 



l{t) 



+ sup 

[0,1] 



V'i(l - t)e^l^l Vu{t) 



L2(M''x[0,l]) 



< 00. 



Let me first give a formal argument, in the spirit of our "log convexity" in- 
equalities. If ei = (1,0, . . . ,0), i? > 0, set / = e''l^+«^i*(i-*)l'u, where < /x < 7, 
and H{t) = (/,/). At the formal level, it is easy to show (for the free evolution) 
that 

d^logH{t)>-Ry4fx, 
so that if(f)e~^^*(^~*)/^'' is log convex in [0, 1] and so 

H{l/2) < ff(0)V2F(i)V2eiiV32,._ 

Letting /x t 7 we see that 



o I 1 Rei 1^ 



uil/2)f< 



u{0) 



«(i; 



„flV327 



Thus, 



|u(l/2)|2 < 



B(e_R/4) 



«(0) 



,7l^l' 



nil) 



,[H^(l-47=^(l-e)2)]/327 



< e < 1, which implies ?i(l/2) = as i? ^ 00, (7 > 1/2). 

The path from the formal argument to the rigorous one is not easy. We will do 
it instead with the Carlcman inequality: 

Lemma 4.2. Let 4>{t), tp{t) be smooth functions on [0,1], g{x,t) e Cq°{W^ x 
[0, 1]), ei = (1,0, ... ,0). Then, for > 0, we have (for R^O), 



II 



[^"(t) _ J^[<^"(f)]2]e2^(t)e2^|f-<^Wei|^|^|2 



< 



< ^ye2*WeMt-'^(*Wl'|(z5( + A)5|2. 

Proof. Let / = e'*l*+"^W^i|'+'''Wg. Then 

^+^(t)eip+VW(ja^ + A)g = SJ + A J, 
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where — S**, — —A*^ (the adjoints are now with respect to the L^{dxdt) 
inner product), and 



We then have: 

= ((5^ + A^)f, {S^ + A^)f) = {S^f, S,f) + {A^f, A,f) + 

+ {S^f, A^f) + {A^f, S^f) > {[S^, A^]f, /) . 

We now compute [5*^, Afj] and obtain: 



Thus, 



+ f,J\d.J\' + 2f^J{^+<^e^)r\f\'+ 



+ 



+ 



r\f\' 



+ 



32/x- 
~R4 



+ 



32/^2 



I/I 



2 

32;u 



i/r+^"/ i/r 



and the Lemma follows. 

Next, choose (t)it) = t{l - t), tp{t) = -(1 + e)^i(l - t). Then 

and so our inequality reads, for g G Co°(K"' x [0, 1]), 



□ 
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We next fix i? > 0, recall that u solves idtu + Am = Vu, and that the estimates 
(|4?T1) hold. Choose then ri{t), 0<t]<1, r]=l where t{l - t) > l/R, 77 = near 
t = 1, 0, so that 

supp??' C {t{l - t) < l/R}, \7]'\ < CR. 

Choose also M :^ R, 9 & C^f (R"), and now set g{x,t) = r]{t)e{x/M)u{x,t), which 
is compactly supported in K" x (0, 1), so that our estimate holds. 

m + A)g ^ Vg + ^v'{t)9{fJ)u + (^) u + ^^^i^^) 

= / + // + ///. 

Finally, let ^ = (1 + e)~^jR'^. Our inequality then gives: 

e(l+_e)3^2 /■/■g2^(t)g2A<|f+0(t)ei|'|^|2 < 



< 



The contribution of / to the right hand side is bounded by 

g2^(t)g2,.|^+0(t)ei|'|^|2^ 

SO that, if R is very large, we can hide it in the left side, to see that we only have 
to deal with // and ///. Recall that ■(/;(*) = (1 + - < 0, so e^'/^t*) < 1. 

On the support of 77', we have t{l — t) < l/R, so that < (j){t) < l/R. We now 
estimate 



2^ 



X 



on suppyy', where ^(t) < l/R. Thus, because of (|4.ip . the contribution of // is 
bounded by C^R. The contribution of /// is controlled by (recalling that 77 = 
when <(1 -t)< ii) 

M JJ\x\<2M 

+ If |V«(x,t)|2e2^We2Hf+^(*)eirt(i_i)^. 

/|a;|<2Af 



M2 

|2 



If we use (|4.1I) . ^ Oi the bound above for 2/i \x/R + (/i(t)ei| becomes 

Thus, letting M — > 00, we see that, for fixed R, III — > 0, so that, since 77 = 1 on 
t{l — t) > l/R, we obtain: 

8 7 JJt{l-t)>l/R 
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We are now going to restrict to integration over the region |^| < (5, |i — 1/2| < (5, 
where 5 is small, to be chosen. Then, 

'V 



R 



> 



26 



1 



26 



so that 



m = ^ ( i ) + 



> 



16 



26[ --26 



>i^{^]~wm6> 



d4 1 d4 



so that, in our region of integration, 



2^ 



-+(/.(t)ei +2^,{t)> 

^2m_2(1+^_ 
- 16 16/i4 ^ 



6(1 + e] 



i?4 2 7i?2 



16^^^ -^^^ "16^ 



IG^f 16(l + e)3 

7 + 



(l + e)3 47 



C(5 



since /z = ■p^^p'-R^- But, if 7 > 1/2, 



> 0, 



(1 + e)3 47 

for some e small, and so, for 6 smaller than that we get a lower bound of C^^sB? . 
We thus have 



C.sR 



|t-l/2|<5 J|f |<5 



But then, since 



J|t-1/2|<5 J|f |><5 J|t-1/2|<(5 J|- 



„27|.|^g-27|.|^|„|2 < 



|t-l/2|<5 J|f |<5 

e 



|t-l/2|<(5 



by (|4.ip . we see that, for appropriate we have 

/|t-l/2|<(5 .■ 

Letting i? ^ 00, we see that w = on {(a;, i) : |t — 1/2| < 6}, therefore w = 0. 
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